Using the operator formalism, we obtain the bosonic representation for the free fermion field satisfying an equation of motion with higher-order derivatives. Then, we consider the operator solution of a generalized Schwinger model with higher-derivative coupling. Since the increasing of the derivative order implies the introduction of an equivalent number of extra fermionic degrees of freedom, the mass acquired by the gauge field is bigger than the one for the standard two-dimensional QED. An analysis of the problem from the functional integration point of view corroborates the findings of canonical quantization, and corrects certain results previously announced in the literature on the basis of Fujikawa s technique.
I. INTRODUCTION
Variational problems involving functionals that depend on derivatives of order higher than the first appear to have been first discussed by Ostrogradskii [1] , who also established the basis for the Hamiltonian treatment of such problems.
Although most physical systems are characterized by Lagrangians that contain, at most, first derivatives of the dynamical variables, there is a continuing interest in the study of model field theories defined by higher-derivative Lagrangians.
Early attempts to investigate higher-derivative theories aimed at generalizing or amending certain physical theories in order to get rid of some of their undesirable properties. Along these lines Weyl and Eddington [2] were, to the best of our knowledge, the first to add curvature-squared terms to the Einstein-Hilbert Lagrangian so as to extend the general theory of relativity.
Modifications to Maxwell's electromagnetic theory were proposed by Bopp [3] and Podolsky [4] with the goal of avoiding divergences such as the self-energy of a point charge. Next Pais and Uhlenbeck [5] investigated whether the use of higher-order (including infinite-order) equations of motion might lead to the elimination of the divergent quantities that plague quantum field theory. They concluded that, in general, it is not possible to reconcile finiteness, positivity of free field energy, and causality. In other words, ghost states with negative norm and possibly unitarity violation are unavoidable in higher-order theories, and these facts became strong arguments against such theories.
However, in spite of these shortcomings, higher-order theories have never been entirely abandoned because they also possess some good properties, justifying a sort of revival of this subject in recent years. It has been shown [6] that a quantum theory of gravitation constructed by adding terms quadratic in the curvature to the EinsteinHilbert Lagrangian is asymptotically free and the problem of its renormalizability is attenuated. It must be emphasized that such curvature-squared terms show up naturally as small corrections in the effective action of superstring theories in the limit of zero slope [7] . Higherderivative terms appear naturally in the superfield formulation of supersymmetric theories [8] and also occur in the action proposed by Polyakov [9] in string theory, which involves the extrinstic curvature of the world sheet. It is further to be remarked that higher-order corrections are very useful as a mechanism for regularizing ultraviolet divergences [10] , especially of gaugeinvariant supersymmetric theories, since this is the only available regularization method that preserves both gauge invariance and supersymmetry [11] .
Originally with functional methods, quantum and electrodynamics in two spacetime dimensions with massless fermions (Schwinger model) was exactly solved by Schwinger [12] as an example of a theory in which gauge invariance does not necessarily require a gauge field with null physical mass. The physical content of the theory as well as the correct interpretation of Schwinger's solution became clearer with the appearance of the operator formulation by Lowenstein and Swieca [13] , in which the fermion field is parametrized in terms of boson fields ("bosonization"), a method that had been previously employed by Klaiber [14] [18] ,and the results obtained [17] were the same as those for the stan- (2.2) For the sake of simplicity and in order to show details of the quantization procedure as well as some features of the theory, we initially consider the case with third-order (X = 1) derivatives.
Since in the case of free theory the two spinor components decouple, we must treat them independently. The upper spinor component will be considered first.
As the first step to quantize the theory we must obtain the basic Poisson brackets. In the usual procedure for higher-derivative theories [19] , one would take g and its two first time derivatives as independent variables comprising the configuration space. In the present case, previous experience in dealing with higher-derivative scalar theories [20] suggests that we make a point transformation and take gii),~3 gii), and 8 gii) as our basic rs=r'r' x -=x'+x', O~=a, +0, .
=6(x, -y) ) . (2.4) The following explicit representation for the r matrices is adopted:
It is worth remarking that, as is usually done, we could have considered the g~) and g~* ) fields as independent variables. In so doing, although the theory presents con-straints the resulting Dirac brackets would lead to the same anticommutators as above.
In order to obtain the quantum solutions, let us introduce the Fourier decomposition 
( 2.13) Taking into account the Fourier representation for the usual two-dimensional free Dirac field (2.9) )~0) =g, *( -k )~0) =o, (2.10) To construct the The conserved currents associated with the global gauge and chiral symmetries are most easily obtained in terms of the variables g, a g, and a g as independent fields. In this way, we obtain the light-cone current components which satisfy independent conservation laws (2.17) In terms of the diagonal tti fermion field operators, the current components (2.16) are given by ( 2 ) (2.20) violates the cluster decomposition in the x (x+) lightcone coordinate.
With the purpose of introducing the bosonization scheme, let us consider the case N = 1 previously studied.
Since the P( ) fields are free and canonical, the bosonization scheme to be employed is the standard one (see Halpern, Ref. [15] ). In order to ensure the correct anticommutation relations (2.13), Klein factors must be introduced. For the case X = 1, the bosonized expressions for the free and canonical Dirac field operators P are given [13] qJ=-
cf"=limZ '(e) g p [i)'jj(x+e)y"Q(x+e;x)P(x) J =1 The generalization for arbitrary IV is straightforward, and can be accomplished by introducing the 2N diagonal matrices of the SU(2N + 1).
-VEV], where VEV denotes the vacuum expectation value, (3.6a) Q(x+e;x)=exp i -y [AX(x+e)+5g(x+e)]+e f A"(z)dz"+y [AX(x)+6g(x)] (3.6b) 8"(x) = -XE" B,X(x)+L"(x), 2' +1 7T (3.7) and Z is a finite renormalization constant. From (3.5) and (2.21) (3.8) Since the model possesses (2N+1) fermionic degrees of freedom, the summation in Eq. (3.6) is responsible for the appearance of the factor (2N + 1) in the expression (3.7) for the current.
As in the usual case [13, 21] , due to the presence of the longitudinal current L" the Maxwell equations are only satisfied on the physical subspace defined by the subsidiary condition (3.9) (2N+ 1)e 2vr (3.11) With the use of the decomposition (2.27), the fermion field operator (3.4) can be written as Condition (3.9) implies that L "(x), applied to the Fock vacuum, generates states with zero norm. Hence, g must be a canonical free field, quantized with indefinite metric.
This fixes the constant 6 to be t) =n/(2N+ 1). The constant A, is chosen to be k=6 in order for 4 to approach the free canonical fermion field at short distances. This also ensures the canonical commutation relation for the vector field 3". The fermionic field operator which commutes with the longitudinal current (3.8) , thus belonging to the physical subspace &~h"" is obtained from the field (3.12) (3.9) it acts as a constant operator which merely carries the bare charge and chiral selection rules. As in the case of the standard SM [13, 21] , an infinite set of vacuum states is generated by repeated application of o on the Fock vacuurn. As is well known, this vacuum degeneracy implies a violation of clustering. This can be seen by considering the two-point functions of operators carrying bare U(1) and chiral-U (1) selection rules. Defining the operators 0 via
In this "physical" gauge, the fermionic field operator can be factorized as ' 1/2 thus providing an irreducible representation for the observables.
IV. FUNCTIONAL INTEGRAL APPROACH
Our results for the anomalous divergence of the axial current and the dynamical mass generated for the gauge field, obtained in the framework of the operator solution, appear to disagree with those derived previously [17] through the use of Fujikawa's path-integral technique [18] . Therefore, a reexamination of the problem in such terms becomes a necessity.
The (3.17) In order to find out how the fermionic measure changes, one first performs a Wick rotation to an Euclidean spacetime by letting xo~-ix4 and Ao~i A4. Then g=y (Bo -ieAO)+y' (8, -ieA, ) with~y D4+y D1=&E4 (4.3b) where, formally, I(x)=QQ"(x)y Q"(x) . (4.8) )Ii(x) = ga"A"(x), (4.5a) where y =I. y . Next one assumes that there exists an orthonormal basis IQ"(x)J whose elements are eigenfunctions of the Hermitian operator II)E(II) )ERE, which is the Euclidean version of the Dirac operator that occurs in the fermionic part of the Lagrangian: gE(g )E@EO"=A, "Q". e' ".
n (4.6) According to standard computations [18] , the change undergone by the fermionic measure is given by
where a"b, are generators of an infinite-dimensional Grassmann algebra. The expansions (4.5) possess the property of diagonalizing the fermionic part of the action, which justifies the following definition for the fermionic measure in the path integral [18] : (4.1 1) Notice that the highest power of k occurring in the operators P and Q applied to e'"" is -ks. Thus, having taken the trace before integrating, it is convenient to write Eq. (4.9) [24] . It should be noticed that the choice of regularization operator in the Fujikawa scheme we employed was such as to preserve the classical symmetries of the action, but ultimately it was by comparison with the reliable canonical approach that we fixed the scheme.
We also emphasize the amusing property that the bosonization procedure has taken us from a higherderivative fermion theory to a bosonic multicomponent model of first order. The point to be stressed is that 
